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Introduction

A posteri normalization

e Implementing partiality (potential non-termination) in a total
language

(]

Case study: Normalization by Evaluation (NbE) for the simply-typed
lambda calculus

STL is normalizing, so we could define evaluation by recursion on the
termination proof

o This work:

@ define evaluation as partial function

@ show its correctness w.r.t. an equalitional theory
@ optionally: show termination

(]

Stress-test for the new coinduction (copatterns and sized types) in

Agda.
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Delay Monad

Simply-Typed Lambda Terms and Values

data Tm (I": Cxt) : (a: Ty) — Set where
var : Y{a} (z: VarI a) — TmIa
abs @ Y{ab} (t: Tm (', a) b) — Tm ' (a = b)
app : Wab} (t: TmI'(a=10b)(u: TmIa) - TmIb

mutual

data Val : (a: Ty) — Set where
lam : V{I"'a b} (t: Tm (I", a) b) (p: EnvI) — Val (a = D)

data Env : (I': Cxt) — Set where
€ : Enve
., WI'a} (p: EnvI) (v: Val a) — Env (I, a)
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Delay Monad

A Functional Call-By-Value Interpreter

Evaluator (draft).

mutual
Il :YI'a} —-TmI'a— EnvI — Vala

[varz ] p=lookup zp
[abst Jp=lamtp
[apprs [p=apply ([7]p) ([s]p)

apply : ¥{a b} — Val (a = b) — Val a — Val b
apply (lam tp) v=1[1] (p. v)

Of course, termination check fails!

TYPES2016
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Delay Monad

Coinductive Delay

CoInductive Delay (A : Type) : Type :=
| return (a : A)

| later (a? : Delay A).

mutual
data Delay (A : Set) : Set where
return : (a : A) — Delay A

later : (d : ooDelay A) — Delay A

record coDelay (A : Set) : Set where
coinductive

field force : Delay A
open ooDelay public
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The Coinductive Delay Monad

Nonterminating computation L.

forever : V{A} — ooDelay A
force forever = later forever

Monad instance.

mutual
_»=_:V{A B} — Delay A — (A — Delay B) — Delay B
(return a »=k) = ka
(later d »=k) = later (d co»=k)

_ooy»=_: V{A B} — ooDelay A — (A — Delay B) — ocDelay B

force (d co»=k) = force d »=k
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Delay Monad

Evaluation In The Delay Monad

Monadic evaluator.

[ ] :Y{Ia} — Tm I a— EnvI — Delay (Val a)
[varz ] p = return (lookup z p)

[abst ] p=return (lam ¢ p)

[apprs [ p=apply ([r]p)([s]p)

apply : V{a b} — Delay (Val (a = b)) — Delay (Val a) — Delay (Val b)
apply u? v? = u? »=\u —

v? y=XNv—

later (coapply u v)

ooapply : V{a b} — Val (a = b) — Val a — ooDelay (Val b)
force (occapply (lam tp) v) =[t] (p, v)

Productive? Not guarded by constructors!
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Delay Monad

Sized Coinductive Delay Monad

data Delay (7 : Size) (A : Set) : Set where
return : (a : A) — Delay i A
later @ (& : ooDelay i A) — Delay i A

record coDelay (7 : Size) (A : Set) : Set where
coinductive
field force : V{j: Size< i} — Delay j A
e Size = depth = how often can we force?

o Not to be confused with ‘number of laters”
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Delay Monad

Sized Coinductive Delay Monad (II)

record ocoDelay 7 A : Set where
coinductive
field force : V{j: Size< i} — Delay j A

Corecursion = induction on depth.

forever : V{i A} — ocDelay i A
force (forever {i}) {j} = later (forever {j})

Since j < i, the recursive call forever {j} is justified.
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Delay Monad

Sized Coinductive Delay Monad (III)

Monadic bind preserves depth.

»=_ : WiAB} —

Delay i A — (A — Delay i B) — Delay i B
(returna  »=k) = ka
(later o »= k) = later (d co»=k)
_ooy=_ : Wi A B} —

ooDelay i A — (A — Delay i B) — ocDelay i B
force (d co»=k) = forced »=k

Depth of a? »= k is at least minimum of depths of a¢? and % a.
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Delay Monad

Sized Corecursive Evaluator

Add sizes to type signatures.

['] :Yil'a} - Tm I a— Env I — Delay i (Val a)

apply : V{i a b} —
Delay i (Val (a = b)) — Delay i (Val a) — Delay i (Val b)
apply u? v? = u? »=\u —
v? »=Av —
later (coapply u v)

ooapply : V{i a b} — Val (a = b) — Val a — ooDelay ¢ (Val b)
force (coapply (lam tp) v) =[¢t] (p, v)

Termination checker is happy!
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Delay Monad

Normalization by Evaluation (preliminary)

o Add neutrals (variables applied to normal forms) to values.

@ Read back values into normal forms.
Function values are applied to a (fresh) variable.

readback : V{i I" a} — Val i I' a — Delay ¢ (Nf I" a)

o Normalization is evaluation followed by readback.
idenv: V{i I'} — Envil'I

nf: V{iI"a}(t: Tm I" a) — Delay i (Nf I" a)
nf ¢t = readback (eval ¢ idenv)
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Delay Monad

Completeness of NbE

Typed fn-equality I' =t =1t : a.

Iz:abr:b I'ks:a
I'F(A\xr)s=r[s/x]:b

(]

Normalization of Sn-equal terms should be weakly bisimilar.

@ Our monadic cbv-evaluation does not model cbn-f.

o

[ar) s, = [0, = [ls/411,

The effects of evaluating s come too early.

We need a lazier evaluator.
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Delay Monad

Lazy Values

o We fuse the delay monad into the value type.
@ Values are now coinductive.

data Val (i : Size) (A : Cxt) : (a: Ty) — Set where
lam :Y{I'ad} (¢t :Tm (", a) d)
(p EnviATI) —ValiA (a=b)
later : V{a} (voo : ooValiAa) — ValiAa
ne : V{a} (n :NeValiAa) —ValiAa

record ocoVal (i : Size) (A : Cxt) (a: Ty) : Set where
coinductive

field force : {j: Size< i} — Val j A a

@ The neutrals are for reification.
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Delay Monad

Lazy Evaluation

eval : V{iI'Aa} - TmI'a—Envi AT - Vali Aa
eval (app t u) p = apply (eval ¢ p) (eval u p)

apply : V{iAab} - ValiA(a=b) - ValiAa— ValiADb

apply (ne w) v = ne (app w v)
apply (lam t p) v = later (beta ¢ p v)
apply (later w) v = later (ccapply w v)

ocapply : V{i A ab} — ocVal i A (a= b) - Val i A a— ooVal i A b
force (coapply w v) = apply (force w) v

beta: V{iI"ab} (t: Tm (I, a) b)
{A:Cxt} (p: EnviAT) (v: Val i A a) — ocVal i A b
force (beta t p v) = eval ¢t (p, v)
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Delay Monad

Readback

readback : V{i I" a} — Val i I" a — Delay i (Nf I" a)

readback {a = *} (ne w) = ne <$> nereadback w
readback {a = *} (later w) = later (coreadback w)
readback {a = =} v = later (abs co<$> eta v)

ooreadback : V{i I" a} — ooVal i I' a — ocoDelay i (Nf I" a)
force (ocoreadback w) = readback (force w)

eta: V{i['a b} — Val i I' (a = b) — ooDelay i (Nf (I", a) b)
force (eta v) = readback (apply (weakVal v) (ne (var zero)))

nereadback : V{i I" a} — NeVal i I" a — Delay i (Ne I" a)
nereadback (var z) = return (var z)
nereadback (app w v) = app <$> nereadback w <*> readback v
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Delay Monad

Completeness Proof

o Logical relation on values for completeness:
<" (v,v") = readbackv ~ readback v’ weakly bisimilar

[a=0]" (f,f) = VneRenAT, [a]®(u,v) = [b]*(fnu, f'nu')

e Fundamental theorem:
IfT Ft=+t":aand [[]*(p,p) then [{aﬂA([[ﬂ]p, [t'l,)-
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Delay Monad

Conclusions

o Agda’s new coinduction gives us flexibility in corecursive definitions.
@ Don’t be scared of sized types!

@ We can do meta theory of partial STL!

e Applicable to Type:Type 7

Abel, Chapman (Gothenburg Univers Delayed NbE TYPES2016 18 / 19



Delay Monad

Related Work

@ Danielsson, Operational Semantics Using the Partiality Monad

(ICFP 2012)

o Leroy, Gregoire A Compiled Implementation of Strong Reduction
(ICFP 2002)
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