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Introduction

We present a proof of the following theorem

Theorem
LetTHt:AandTlT - u: A. It is decidable whether T =t = u : A.

m Proof by Kripke logical relations defined on weak head
reduction.
m Two logical relations.
m [1 injectivity.
m Conversion.



Syntax

m Language

t,u,AAB:=x|U|N|M(x:A)B|Ax.t|tu]
0| St | natrec (Ax.A) tu

m Neutral terms

k:=x|Sk| ku| natrec (Ax.A)c, g k



Typed Weak Head Reduction

m One step weak head reduction

N-t¢—t:NxAB N-a:A MNxAkt:B N-a:A

N-ta— t'a: Bla I (Ax.t)a — tla/x] : B[a]

NFt—u:A rN-A=B rMN-A—-B:U
rN-t—u:B rN-A-—~B

m Define —* the reflexive transitive closure of —



1st Logical Relation

FrN-A—-*K K neutral

M- A
mlIFA=Bif
'+ B —* L with L neutral and
N-K=»L.

mlIFt:AiflT=t—=*1: A with / neutral.
mllFt=u:Aif
=t —*1/:Awith [ neutral and

N+ u—* k: A with k neutral and
NrN-=I1=k:A.



1st Logical Relation

A= N(x:F)G TIFF
(VA<T)AFa:F= Al G[a))
(VA <T)Ala=b:F= Al G[a] = G[b])

M- A
mlIFA=BIif
Mk B with T'H B —=* M(x:H)E and
N-F=H and

forall A<T, (AlFa: F)= (Al G[a] = E[a])



1st Logical Relation

mlIFf:AifTEf:Aandforall AT,
(AlFa:F)=(AlFfa:GJ[a]) and
(AlFa=b:F)= (AlFfa=fb:G[a])
mllFf=g:Aif
MN-f:AandlNFg: A and
foral A<T, (AlFa:F)=(AlFfa=ga: GJ[a])



1st Logical Relation

m Straightforward from the definition
Lemma If I Jthen T F J.

m Completeness (By induction on the type system)
Lemma If '+ J then T I J

m Corollaries
mIfTEN(x:F)G=BthenT B =*MN(x:H)EandT+F=H
and [ x:F+ G =E.
mIfTEAxt:N(x:F)G then T, x:FFt:G.
mIftisneutralandTt:AandTHt: BthenH A= B.

miIf-t:Nthenkt—*S"0:N.



Conversion

x:Aerl
M- xn~x

Nl-k~1 THk:M(x:F)G TkHtconvv:F
M-kt~1lv

Fr~k~1 THFA=S*M THkKk:A
~k conv [: A

M neutral or base type



Conversion

Nt FconvH T,x:FF G[x]convE[x]
M=MN(x:F)Gconvll(x: H)E

F=f:N(x:F)G
NFg:M(x:F)G T,x:FkFfx conv gx: G[x]

Fef conv g:M(x:F)G



Conversion

Fr’FA—-*A THB—*B THAcnvB
= AconvB

TFA—S*B ThHa—*ad:B TEb—*b :B THaconvb : B
Faconvb: A

Lemma
LetT Ht:Aand Tl u: A. It is decidable whether

I tconvu: A.
Straightforward from the definition we have
miIflTFaconvb: AthenTFa=5b:A



2nd Logical Relation

Except for neutral types and terms the logical relation remain the
same.

rMN-A—-*K K neutral N KconvK
MEA

m[IFA=Bif AconvB.
mlIFt:Aifl+tconvt: A.
mllFt=u:Aif

NNt:Aand Nk u: Aand
I tconvu: A.



2nd Logical Relation

m Easy direction
Lemma fF'lFa=b:Athen '+ aconvb: A.

m Completeness (By induction on the type system)
Lemma If '+ J then T IF J.

Theorem
IfTFa:AandTHb:AthenT -a=b:AifflT -aconvb: A.
That is, it is decidable whether T +=a= b : A.
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