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was proved:

With the notion of filter lambda model, completeness of the type assignment
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Syntax of PA"

Let S =[0,1] N Q. The alphabet of the logic PA" consists of
@ all symbols needed to define lambda terms with intersection types,
@ the classical propositional connectives — and A,

@ the list of probability operators P>, for every s € S.
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Syntax of PA"

Let S =[0,1] N Q. The alphabet of the logic PA" consists of
@ all symbols needed to define lambda terms with intersection types,
@ the classical propositional connectives — and A,
@ the list of probability operators P>, for every s € S.
Remark: Using P>sa we can define other inequalities:
P.sa  stands for —P>;a,
P<sa  stands for  P>i1_s—a,

Pssa stands for —P<sa,
P_sa  stands for Ps>s;a A —Pssa.
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Basic formulas:
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° x:0,
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° (X:U)A(y:UﬁT),
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Basic formulas:

Fors a:=M:o|aha]|a.
Example:

® x:o, AXXYy 10— T

o (x:o)A(y:onT), (x:oAy:io—=>T)=>yx:T
Probabilistic formulas:
Forp

¢ i=Prsa[pAg| ¢
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Basic and Probabilistic Formulas

Basic formulas:

Forg aux=M:o|aha]|-a.
Example:
@ X:o0, AX.XY 10 =T
o (x:o)A(y:onNT), (x:oAy:io—=>T)=>yx:T

Probabilistic formulas:
Forp ¢ = Pssa| oA | .

Example:
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Basic and Probabilistic Formulas

Basic formulas:

Forg aux=M:o|aha]|-a.
Example:
@ X:o0, AX.XY 10 =T
o (x:o)A(y:onNT), (x:oAy:io—=>T)=>yx:T

Probabilistic formulas:

Forp ¢ = Pssa| oA | .

Example:

° P:%X:(J’, Poi(Axxy o —T)

23

@ Pooa(x:0)V Psog(y:onT),

Poi(x:oAy:o—=T)= Pa(yx:
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The next two formulas are NOT the FORMULAS of our logic:
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° (x:a)/\PZ%(y:nﬂTz)
° PZ%PZ%(Xy:U)
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Kripke-style Semantics of PA"

Definition (PA™-structure)

A PA"-structure is a tuple M = (W, p, &, H, 1), where:
(i) W is a nonempty set of worlds, where each world is one lambda model,
i.e. forevery w e W, w = (L(w), w, [ [w);

(i) p: VA X {w} — L(w), w e W,;

(iii) & : Vrype X {w} — P(L(W)), w € W;

(iv) His an algebra of subsets of W, i.e. H C P(W) such that
- WeH,
-if U,V EH, then W\U€eHand UUV € H;

(v) wis a finitely additive probability measure defined on H, i.e.
- W) =1,
-ifUNV =0, then u(UU V) = p(U) + p(V),

for all U,V € H.
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We say that a lambda statement M : ¢ holds in a world w, denoted by
wEM:o,iff

IMI7 € [o]e-
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Satisfiability of a formula

We say that a lambda statement M : ¢ holds in a world w, denoted by

wEM: o, iff
M]y € [o]¢"

Definition (Satisfiability relation)
The satisfiability relation =C PAj.,s X Forpan is defined in the following way:
-MEM:oiff wkE= M: o, forall we W,
- M [ Pssaiff p([a]) > s;
- M E —Aiff it is not the case that M = A;
M AL A A ff M E A and M E A,
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Example

Consider a model with three worlds, i.e., let M = (W, p, &, H, u), where:
o W ={wi,w,ws},
o H=P(W),

o u(w))=1%i=1,23,

and p and ¢ are defined such that M E P:%(x o —71)and M |= Pzg(y 1 0).
Without loss of generality, suppose that wi = x : 0 — 7. We know that y : o

holds in two worlds, so there are three different possibilities:

N
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y 10 holds in wy and ws:

W, W.

4, 2
X0 ->T ” (x:00—>T1)
y-0) 3 y.o
x:00->T1)
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y : o holds in wi and ws:

W e
XO—>T w (x:0—>T)
y.o 3 y-0)

(x:00->1)
y.o

The following implication holds:

[P:%(x o= T)A P:%(y 10)] = [P=o(xy : 7)V P_1(xy : 7)].

1
3
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Axiom schemes

(1) all instances of the classical propositional tautologies, (atoms are
A-statements or any PA"-formulas),

(2) P>oqc,

(3) P<ra= Pesa, s >r,

(4) P<sa = P<sa,

(5) (P>ra A P>sBAP>1(marV =) = Pominfi,r+sy (a0 V B),
(6) (P<ra A P<sf) = Peris(aV B), r+s<1,

(7) P>i(a= B) = (Pssa = P>p3).
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Inferencl\e/l Rules | N Inference Rules Il
Sl - (=) (1) From A; and A; = A; infer A,

MN : T
[ ] (2) from « infer P>1q,
X:0 =
(3) from the set of premises
: 1
. > =
M (=) {¢:>P257%a‘k_s}

infer ¢ = P>,a.
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The axiomatic system Axpan is sound with respect to the class of
PAfjeas-models.
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The axiomatic system Axpan is sound with respect to the class of

Strong Completeness
theorem:

We need a few auxiliary lemmas in order to prove the strong completeness
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PAfjeas-models.

The axiomatic system Axpan is sound with respect to the class of

Strong Completeness
theorem:

We need a few auxiliary lemmas in order to prove the strong completeness

Every consistent set can be extended to a maximal consistent set.
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Construction of the canonical model

Definition
If T* is the maximally consistent set of formulas, then a tuple
Mrs = (W, p, & H, ) is defined:
o W={w=(F(w),w,[]w) | w= Cng(T)} contains all filter lambda
models that satisfy the set Cng(T),
pw(x) ={0o € Type | w = x : 0},
&w(o) ={d € F(w)| o € d},
H = {[a] | @ € Forg}, where [a] ={w e W | w E a},
u(la]) = sup{s | Pxsa € T°}.
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and Strong C

Construction of the canonical model

Definition
If T* is the maximally consistent set of formulas, then a tuple
M = <W7p7§7 H, ,U) is defined:

o W={w=(F(w),w,[]w) | w= Cng(T)} contains all filter lambda
models that satisfy the set Cng(T),

® puw(x)={c € Type | w E x: 0},

o {u(o)={d e F(w)|oed}

o H={[a] | « € Forg}, where [a] ={w € W | w = a},
o u(la]) = sup{s | Psscr € T*}.

Theorem (Strong completeness)

Every consistent set of formulas T is PAy.,.-satisfiable.




- Intuitionistic instead of classical propositional calculus
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- Intuitionistic instead of classical propositional calculus
- Restriction to the finite case
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