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» |ntuitionistic choice:

» Easy interpretation in Kleene's/Kreisel's realizability
» Provable in Martin-Lof's type theory
» Natural interpretation of strong existentials

» Classical countable choice:

» Proves the existence of non-computable functions
» Complex computational interpretation (bar recursion)
» Involves weak existentials (existentials with backtrack)

» 3 choices:

» Straightforward interpretation but intuitionistic logic only
» Full classical logic but complex interpretation
» Both weak and strong existentials in one framework
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N Ik 3fYxA(x,fx)

Realizing intuitionistic choice

Az. (Ax.m1 (2 %), Ax.m2 (2 x)) IFVx3y A(x,y) = IFVxA(x, f x)

Easy!
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AV-AFVxdy(y =0« A(x))

AV ~A+ AC F IfVx (fx = 0 < A(x))

A(x) = "Turing machine x terminates on input x"
» Requires strong recursion principles, e.g.: bar recursion:
SystemT 4 call/cc + barrec |- PA+ AC

X Much harder!
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A= 1F0=0

A= 1FA= L A= 1FA
A= 11
A= 1F1=0
A= 1FA
F(A=1)=A)=A FA=1)=A
FA

where A = 3x (x = 0)
Computationally:

M = call/cc (Ak. (1, exf (k (0,refl)))) IF Ix(x =0)?

No!
mM=1 and 7 M = refl

refl I (1=0)
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Weak existentials

——dx A

» Realizers of the form \k.M
M calls k N1, k Ny, ... where N; IF3x A ... eventually!
one call to k = one backtrack

» Works well with classical logic

> Not very efficient, because of the backtracks

Realizing classical choice
barrec IF Vx——3y A(x,y) = ——3fVx A(x, f x)
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Realizability interpretation

» Classical logic:
> |A| = {realizers of A}
» ||A|| = {counter-realizers of A}
> A=Al
> In particular, |A|*" = |A]
> |[Ix Al ={M|m M e |A[r1 M/x]|}
Ax AL £ |3x A

Strong existentials + classical logic = B
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v

——dx A negative ~> classical reasoning on weak existentials
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Adequacy of the realizability interpretation
Adequacy

X:A-M:B|a:C-

If G € |A| and %) € ||C~|| then M [@/z 1/7/@’] c |B|

v

||-=|| only required for negative formulas
3x A positive ~ |Ix A|™1 £ [3x A| is not a problem anymore

v

Intuitionistic choice:

Az. (Ax.m1 (zx), Ax.m2 (zx)) € |[VxTy A(x,y) = IFVx A(x, f x)|
Classical choice:

Apg.barrecpge € |(Ix =B (x) = Vx B (x)) = —-=Vx B (x)|

v

v

take B (x) = dy A(x,y) and use intuitionistic choice to get:
@ € |Vx——=Jy A(x,y) = =—3IFVx A(x, f x)|
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Provability

» If HA + AC proves A, then our system proves A
» And the realizer is the same as in Kreisel's realizability

» If PA+ AC proves A, then our system proves A€
» (IxA)° = ~—3Ix A°
> (dA)° = & AC for other connectives

» We can also mix strong and weak existentials
» A classical proof can contain an intuitionistic subproof
» The corresponding subroutine benefits from the efficiency of
strong existentials (no backtrack)
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Extraction

» From strong existentials:

If ¢ € |3xA|, then A[m ¢/x] valid

» From weak existentials:
If ¢ € |[7=3x (t = u)|, then pk.o (A\y.m2y ([c]71y)) =" n with:

t[n/x] = uln/x]
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v

Provability of classical arithmetic+countable choice

v

Possibility of intuitionistic subproofs (and subroutines)

v

Extraction from proofs of M9 formulas

What we'll have:

» Automatic detection of strong existentials

v

Quantitative analysis

v

What are these polarities?

> ...insert something here. ..
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