A formal language for cyclic operads
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An operad is a collection of abstract operations of different arities, equipped with a notion of
how to compose them and an action of permuting their inputs. Operads encode categories of
algebras whose operations have multiple inputs and one output, such as associative algebras,
commutative algebras, Lie algebras, etc. The interest in encoding more general algebraic structures was a part of the renaissance of operads in the early nineties of the last century, when
various generalizations of operads came into existence. The formalism of cyclic operads was
introduced by Getzler and Kapranov in [2]. The motivation came from the framework of cyclic
homology: in their paper, Getzler and Kapranov show that, in order to define a cyclic homology
for O-algebras, O has to be what they call a cyclic operad. The enrichment of the (ordinary)
operad structure is provided by adding to the action of permuting the inputs of an operation
an action of interchanging its output with one of the inputs, in a way that is compatible with
operadic composition.
The notion of a cyclic operad was originally given in the unbiased manner in [2, Definition
2.1], over the structure of a monad in a category of unrooted trees. These trees act as pasting
schemes, and the operations decorating their nodes are “composed in one shot” through the
structure morphism of the algebra. Like operads, biased cyclic operads can be defined by means
of simultaneous compositions [2, Theorem 2.2] or of partial composition [5, Proposition 42]. The
fact that two operations can now be composed by grafting them along wires that “used to be
outputs” leads to another point of view on cyclic operads, in which they are seen as generalisations of operads for which an operation, instead of having inputs and an (exchangeable) output,
now has “entries”, and it can be composed with another operation along any of them. One can
find such an entries-only definition in [4, Definition 48]. By contrast, we refer to the definitions
based on describing cyclic operads as operads with extra structure as exchangeable-output ones.
The equivalence between the unbiased and biased definitions of a cyclic operad is formally
given as a categorical equivalence that is, up to some extent, taken for granted in the literature. The issue that the construction of the structure morphism of an algebra over the monad
out of the data of a biased cyclic operad should be shown independent of the way trees are
decomposed has not been addressed in the proof of [2, Theorem 2.2], while the proof of [5,
Proposition 42] is not given. Also, the monad structure is usually not spelled out in detail, in
particular for what regards the correct treatment of the identities. The primary goal of this
work is to formalise rigorously the equivalence between the unbiased and biased definitions of
cyclic operads. Instead of comparing one of the two exchangeable-output biased definitions
with the unbiased one, as done in [2, Theorem 2.2] and [5, Proposition 42], we show that the
entries-only and the unbiased definition describe the same structure. Another particularity in
our approach is that the appropriate categorical equivalence will be proved in a syntactical
environment: a cyclic operad with biased composition will be expressed as a model of the
equational theory determined by the axioms of the entries-only definition, while the monad of
unrooted trees figuring in the unbiased approach will be expressed through a formal language
called µ-syntax. Although µ-syntax was originally designed precisely to help us carry out this
proof, it certainly has a value at the very level of encoding the (somewhat cumbersome) laws

of the partial composition operation for cyclic operads. In other words, we also propose it as
an alternative representation of the biased structure of a cyclic operad. We see this work as an
experiment in bringing syntactical and type-theoretical know-how in the formal study of other
algebraic structures used in connection with higher categories.
The name and the language of the µ-syntax formalism are motivated by another formal
syntactical tool, the µµ̃-subsystem of the λµµ̃-calculus, presented by Curien and Herbelin in
[1]. In their paper, programs are described by means of expressions called commands, of the
form
hµβ.c1 | µ̃x.c2 i,
which exhibit a computation as the result of an interaction between a term µβ.c1 and an
evaluation context µ̃x.c2 , together with a symmetric reduction system
c2 [µβ.c1 /x] ←− hµβ.c1 | µ̃x.c2 i −→ c1 [µ̃x.c2 /β],
reflecting the duality between call-by-name and call-by-value evaluation. In our syntactical
approach, we follow this idea and view operadic composition as such a program, i.e. as an
interaction between two operations f and g, where f provides an input β (selected with µ) for
the output x of g (marked with µ̃). By moving this concept to the entries-only setting of cyclic
operads, the input/output distinction of the µµ̃-subsystem goes away, leading to the existence
of a single binding operator µ, whose purpose is to select the entries of two operations which
are to be connected in this interaction. More precisely, the expressions of the µ-syntax are
c ::= hs | ti | f {txi | i ∈ {1, . . . , n}}

s, t ::= x | µx.c

typed as follows
{x} | x

f ∈ C({x1 , . . . , xn }) Yxi | txi for all i ∈ {1, . . . , n}
Sn
f {txi | i ∈ {1, . . . , n}} : i=1 Yxi

X |s Y |t
hs | ti : X ∪ Y

c:X x∈X
X\{x} | µx.c

and the equations are
hs | ti = ht | si

hµx.c | si = c[s/x]

µx.c = µy.c[y/x]

f {tx | x ∈ X} = f σ {tσ(y) | y ∈ Y }

The action of putting in line the characterization of the monad of unrooted trees, built
upon the formalism of unrooted trees with half-edges commonly used in the operadic literature, together with the characterization by means of µ-syntax, makes the greatest part of the
work. It involves setting up an intermediate formalism of unrooted trees, called the formalism
of Vernon trees, that provides concise and lightweight pasting shemes for cyclic operads, and
whose syntactical flavour reflects closely the shape of normal forms of the µ-syntax. The formal
characterisation of a Vernon tree captures precisely the information relevant for describing the
corresponding monad, which eases the verifications of the appropriate laws.
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