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This work is about an analysis of an advanced aspect of the inhabitation problem in simply-
typed λ-calculus by way of a λ-calculus notation for proof search in minimal implicational logic,
introduced in joint work with José Esṕırito Santo and Lúıs Pinto [1] (see also the revised and
extended version [2]). By proofs in minimal implicational logic we understand η-long β-normal
λ-terms that are well-typed according to the rules of simply-typed λ-calculus. One has to treat
the general case of terms with open assumptions: a sequent σ is of the form Γ⇒ A with a finite
set Γ of declarations xi : Ai, where the xi are variables of λ-calculus. This fits with the typing
relation of λ-calculus but, viewed from the logical side, presents the particularity of named
hypotheses. The total discharge convention that plays a role in the paper by Takahashi et al
[5] goes into the opposite direction and considers λ-terms where there is only one term variable
per type. In the joint work of the author, cited above, no total discharge convention is needed
for obtaining a finitary description of the whole solution space S(σ) for a given sequent σ. The
solution space S(σ) itself is a coinductive expression formed from the grammar of β-normal
forms of λ-calculus and an operator for finite sums expressing proof alternatives. Its potential
infinity reflects the a priori unlimited depth of proof search and serves the specification of proof
search problems. For simply-typed λ-calculus, the subformula property allows to describe the
solution spaces finitely. This may be seen as a coinductive extension of work done already by
Ben-Yelles in his 1979 PhD thesis with a very concrete λ-calculus approach and by Takahashi
et al [5] by using formal grammar theory (but the latter need the total discharge convention
for reaching finiteness). The announced λ-calculus notation for proof search is thus [1, 2]:

(terms) N ::= λxA.N | gfp Xσ.E1 + · · ·+ En | Xσ

(elimination alternatives) E ::= xN1 . . . Nk

where X is assumed to range over a countably infinite set of fixpoint variables, and the sequents
σ are supposed to be atomic, i. e., with atomic conclusion. A fixpoint variable may occur with
different sequents in a term, but only well-bound terms are generated when building a finitary
representation of S(σ), and only well-bound terms are given a semantics. In essence, a term is
well-bound if the fixed-point operator gfp with Xσ only binds free occurrences of Xσ′

where
the σ′ are inessential extensions of σ in the sense that they have the same conclusion and maybe
more bindings, but only with types/formulas that already have a binding in σ. The main result
is that there is a term F(σ) without free fixpoint variables (called closed term) whose semantics
is (modulo a notion of bisimilarity that considers the sums of alternatives as sets) S(σ) [1].

In subsequent work, based on this framework, the same authors studied (among other ques-
tions) a decision algorithm for the problem “given a type A, is there only a finite number
of β-normal η-long inhabitants of type A in simply-typed λ-calculus?” [3] (with only a few
more references, unfortunately missing out the work by Zaionc, e.g., with David, and with
comments on PSPACE-completeness). While in that work, the only quantitative information
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that is studied concerns the number of such inhabitants (which would often be smaller under
the total discharge convention), the present work refines the analysis of the decision procedure
with quantitative information on the depth (height ignoring λ-abstractions, as defined in Hind-
ley’s book [4], but a similar notion where variables are assigned value 1 instead of 0 is called
height—of Böhm trees—by Takahashi et al [5]).

A measure δ on the terms involving fixpoint variables is defined analogously to depth and
height, by ignoring λ-abstractions and by maximizing over sums of elimination alternatives
and over arguments (even as in the height definition), but an application is reduced to 0 if
any argument has measure 0. And a fixpoint variable counts ∞. One can show that for any
term T , δ(T ) = 0 iff a decidable predicate of T holds that, for closed terms, is known to
characterize the absence of inhabitants [3]. Another result of that previous work characterizes
by a predicate FF the closed terms that have only finitely many inhabitants (to be more precise,
the characterizations, applied to terms of the form F(σ), have this form, but they need to specify
the general situation of not necessarily closed T ). The latter result is refined in the present
work by bounding the depth of all inhabitants to strictly below δ(F(σ)) in case FF(F(σ))—
again, a statement for all T had to be found. This result is always informative since—as can
be shown—for all closed T , FF(T ) implies δ(T ) <∞.

Ben-Yelles proved the stretching lemma (see Hindley’s book [4, 8D2]) saying that if there is
an η-long β-normal inhabitant of type A of depth at least the number n of atoms occurring in
A, then there are infinitely many such inhabitants. Turning it around, if there are only finitely
many inhabitants, then all inhabitants have depth strictly less than n. By the result above,
an alternative proof of the stretching lemma would be obtained by showing that δ(F(σ)) ≤ n,
with σ the sequent that asks for A in the empty context, under the proviso FF(F(σ)).

Currently, only the case n = 1—called the monatomic case [4]—has been solved by the
author in this manner. Apart from the trivial cases of an isolated atom (no inhabitant) or an
implication without any nesting (δ = 1), at least one composite hypothesis appears. In this
case, FF(F(σ)) implies δ(F(σ)) = 0. The proof needs to be more informative in refuting the
condition in case any of the appearing hypotheses is the atom alone. And it needs to be more
general in speaking also about terms appearing in the construction process for F(σ); it then
goes by induction on the term structure (with provisos since the statement is even false for
fixpoint variables alone).

The advantage of the proposed method (as is the case already of the cited work it is refining)
is that most arguments are by recursion on structure, in particular on the expressions of the
λ-calculus for proof search. Hopefully, the full stretching lemma will be obtained following the
same path.
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